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INTRODUCTION 
Waveform based acoustic emission (AE) analysis is an emerging technique for 
nondestructive monitoring of the integrity of structures in service. In contrast to 
conventional AE studies, a detailed understanding of wave propagation 
charact~ristics is required in order to correlate the information from detected AE 
signals to their sources representing various failure modes. AE source 
characterization can be carried out by using the sensor output waveform, identifying 
unknown signals and evaluating their significance, and correlating identified signals 
to the failure modes. This requires efficient evaluation of the surface response due to 
each elementary microfracture source (represented by moment tensor components) 
in the plate. 
Guided wave propagation in isotropic plates has been studied extensively in 
the literature using a variety of techniques [see, e. g., 1] In all cases the calculation 
of the surface response is rather complicated and may not be automatically realized 
for an arbitrary source-receiver configuration. Wave motion in anisotropic plates is 
much more complicated due to their anisotropy. For plates with general anisotropy, 
2- and 3-dimensional models have been studied in detail [2-6]. Although the 
solution to general three-dimensional cases can, in principle, be constructed by 
applying the global matrix method, the computational effort for realistic geometries 
and source types can be enormous. 
In this paper, a method for rapid calculation of the guided wave components of 
isotropic and anisotropic plates due to localized surface sources is described. This 
method can be easily extended to deal with internal microfracture events. 
MATHEMATICAL MODELING 
The surface response of a plate due to an interior displacement discontinuity 
source can be written in the frequency domain as 
(1) 
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where Uk(XiW) is the k-th displacement component at x, [U;(eiW)]! is the 
displacement discontinuity at e, T;~(x,e) is the ij component ofthe stress at e due 
to force at x along k-th direction, and d~(e) is the microfracture surface element 
with unit normal n. In this paper only the surface response due to a normal surface 
point load is considered. The response due to an arbitrary displacement 
discontinuity inside the plate can be obtained using equation (1). 
Lamb Waves in Isotropic Plates 
Choosing the coordinate system shown in Figure 1, we consider a concentrated 
normal load in the form 
1 fAr, t) = -2 <5(r)s(t) 7rr (2) 
where fz is force component in the z-direction, <5(.) is the Kronecker delta, and s(t) 
is the time dependence of the source. 
D sing the integral representation of <5 (r), the normal load on the boundary can 
be written in the form 
1 1+00 1+00 f.(r, t) = 87r2 -00 -00 S(w)e-iwtkH61)(kr)dkdw (3) 
where H61)(kr) is the zeroth order Hankel function of the first kind and S(w) is the 
Fourier transform of s(t) 
S(w) = I: s(t)eiwtdt 
Here the solution will be given for the boundary condition 
in the frequency domain. The solution for fz(r, t) can be obtained based on the 
superposition in (3), in which the integral with respect to k will be evaluated by 
contour integral and that to w will be obtained through FFT. 
The boundary condition (5), can be decomposed into a symmetric part 
[Ft = H61l(kr), F; = -H61)(kr)] and an anti symmetric part [Fz+ = H61)(kr), 
(4) 
(.5 ) 
Fz- = H61l (kr)), where Fz+ and F; are the normal forces on the boundary z = H 
and z = -H, respectively. Due to the presence of the material symmetry, the two 
z 
Figure 1. A plate of thickness 2H subject to a concentrated normal load on the top 
surface at r = 0 . 
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types of motions can be solved independently. For the purpose of illustration only 
the formulation for the symmetric case is given here; the anti symmetric motion can 
be obtained by simply exchanging the sh and eh functions in the solution. 
For the symmetric case the nonzero displacement components in the plate and 
the stress components associated with the boundary conditions can be specified in 
the following form 
U r = - [Bkeh(rylz) +ry2Aeh(ry2z)] Hpl(kr) 
U z = [BryISh(rylZ) + kAsh(ry2Z)] H6 1l (kr) (6) 
Cfzz //1 = H6 1l (kr){ (2k2 - k~)Bch(rylZ) + 2ry2kAeh(172z)} 
Cfzr //1 = -Hi!)(kr) {2kry2Bsh(rylZ) + (2k2 - knAsh(ry2Z)} (7) 
where A and B are unknown constants to be determined from the boundary 
conditions, Hill(kr) is the Hankel function of the first kind of order 1, k is "the 
wavenumber in the plane of the plate,ryj = )p - k}, j = 1,2, with constrains 
I m( ryj) > 0, kl and k2 are the wavenumbers of the P- and S-waves, and /1 is the 
shear modulus of the plate. Applying the symmetric boundary condition the 
displacement components can be written as 
ur(k;w) = - [Bkeh(ihz/H) + ~2Aeh(~2z/H)] HPl(kr/H)H/Ks 
uz(k;w) = [B~lsh(~lZ/H) + kAsh(ihz/H)] H6 1l (kr/H)H/Ks (8) 
A = (2P - k~)sh(~2)' B = -2TJ1ksh(TJl) 
Ks = (2P - k~)2eh(~dsh(TJ2H) - 4PihTJ2Sh(ih H)ch(~2H) 
where the normalized parameters with overbars are defined through k = kH and 
TJj = ryjH. It remains to recover the solution in the frequency domain 
1 1+00 - --Uk, z;w) = H2 -00 llr(k;w)kdk, (9) 
Taking into consideration the asymptotic behavior of H61)(kr) and HFl(kr), the 
integral can be evaluated by integration in the complex k-plane along the contour 
shown in Figure 2. The contour includes the real k-axis and a large semicircle on 
the upper half of the complex k plane. The contributions to the guided wave motion 
come from all the residues of the integrand within the contour. The guided wave 
components of the displacement are given by 
(10) 
where Ks); = 8D..s/8k, kj are the normalized wavenumbers of the various Lamb 
wave modes which satisfy Ks(kj ) = 0, and ur and Uz are the bracketed terms in the 
right hand side of (8). 
The numerical evaluation of each mode requires the determination of the 
associated dispersion curve. Also, the Fourier synthesis of the mode requires the 
calculation of the spectrum along the dispersion curve having the group velocities of 
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Figure 2. The contour of integration in the complex k-plane with poles in the upper 
half plane. 
the same sign. The dispersion curves satisfying these conditions are not always 
continuous in the real k plane and branches often cross. The segments of the 
dispersion curves that need to be used in the waveform synthesis are difficult to 
identify. In order to realize this process automatically, we have traced the dispersion 
curves in the complex k space by adding a very small imaginary part, i8wo, to w, 
8wo being a constant independent of w. The initial values of k are the wavenumbers 
in the complex k plane, ko = kx + jky, with kx = 0, ky = 0 and kx = ±!ch-(2ky), 
ky = ±(2n - !H, n = 1,2,3" ". It should be noted that kx = ky = 0 will give the 
first branch for the symmetric case, and the first and the second branches for the 
antisymmetric case. This method was used by Vasudevan[l] in order to avoid the 
second order singularity of the integrand in his calculations at the local minima on 
the real dispersion curves. Using the present method, the real branches of the 
dispersion curves for all the modes are recovered and all the real branches are 
connected to either imaginary or complex branches. Furthermore, all the dispersion 
curves are the appropriate portions for Fourier synthesis of the waveform for each 
Lamb wave mode. The success of the automatic construction of the appropriate 
dispersion curves for waveform synthesis in the complex k-plane makes the wavefield 
calculation in terms of residue contributions given in (10) very straightforward. 
As an example of this approach the calculated dispersion curves of the second 
symmetric mode for a glass plate with vp = 5.76(mm//-ls), Vs = 3.22(mm//-ls), 
p = 2.3(g/cm3 ) and H = 4.8(mm) are shown in Figure 3. As indicated in [1], the 
dispersion curve for waveform synthesis of the second symmetric mode starts from 
the local minimum of the real branch traced out from the cutoff frequency. This is 
clearly shown in Figure 3 for the real part of the curve (when the imaginary part of 
k is negligible). The third antisymmetric mode and some other modes (not shown), 
which required the special consideration in the calculation [1], are also resolved 
automatically. 
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Figure 3. The dispersion curve for the second symmetric mode for the given plate. 
Lamb Waves in Anisotropic Plates 
Again, using the coordinate system in Figure I , with the plane of isotropy 
parallel to the plane of the plate, the constitutive equations are 
{ ;:~ ) = [~~: ~~~ ~~: 1 { ::;r ) 
{7zz CI3 CI3 C33 Uz,z 
(7rz = C44( Ur,z + Uz,r) 
where Cij are the elastic constants, and C66 = HCIl - cd. 
The nonzero displacement components can be written in the form 
Ur = [CPlch(1]lz) + DP2ch(1]2 Z)] Hpl(kr) 
U z = [CQtsh(1}lz) + DQ2Sh (1]2 Z)] H~ll(kr) 
where C and D are constants, and 1]1 and 1]2 are the solutions of the quadratic 
equation 
(11 ) 
(12) 
[C441]2 + (pw2 - c11k2)] [C331]2 + (pw2 - C44k2)] + (C13 + C44)2k21]2 = 0 (13) 
and 
(14 ) 
As in the isotropic case, the displacement components may be expressed in the 
form 
j +OO ur (Il . _ j+oo Uz (1) ur(r,z;w) = -00 fl.s Ht (kr)kdk, uz(r,z,w) - -00 fl.sHo (kr)kdk (15) 
where 
Ur = CP1sh(1]t z ) + DP2sh(1]2Z) Uz = CQtsh(1]t z ) + DQ2Sh(1]2Z) (16) 
C(k) = C/fl.s , D(k) = D/fl.s 
C= /zC44[P21]2-kQ2]sh(1]2Z) D=-/zC44[PI1]t-kQdsh(1]lz) (17) 
fl.s = C44 {[C13kPt + C331]IQd[P21}2 - kQ2]ch(1]IH)sh(1]2H) 
- [C13kP2 + C331J2Q2][Pt1Jt - kQdsh(1JIH)ch(1J2H)} (18) 
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The frequency domain solution, (15), can be evaluated analytically using contour 
integration as in the isotropic plate. 
NUMERICAL RESULTS 
For the purpose of illustrating the methodology, only the results for the 
isotropic plate are presented here, similar approach can be used in the anisotropic 
case. As indicated earlier, in the evaluation of the contribution of each Lamb wave 
mode, the contour of integration includes the real axis of the wavenumber k and a 
large semicircle in the upper half of the complex k-plane which forms a closed curve 
(Figure 2). The calculation is, therefore, reduced to the evaluation of the residues in 
the contour for the given integrand. For a given frequency there are a finite number 
of real poles and an infinite number of complex poles with nonzero imaginary parts 
within the contour. The poles with nonzero imaginary parts can be ignored in the 
far field calculation; therefore, there are only a limited number of poles to be 
considered. Also the superposition of two Lamb wave modes with complex 
wavenumbers, u(-k';w) + u(k;w), forms a standing wave without carrying any 
energy away from the source. The only modes carrying energy away from the source 
are the propagating modes with real wavenumbers. 
At certain cutoff frequencies resonance occurs and the wavenumber, k, in the 
plane of the plate vanishes. The associated motion has infinite wavelength in the 
plane of the plate. For a frequency range, very close to the cutoff frequency, We, a 
high peak occurs in the power spectrum of the given mode, but the energy of the 
spectrum close to the resonant frequencies is still small. This is due to the decay of 
the spectrum which is faster than 1/(w - we) even for a very small attenuation 
related to the imaginary part of w. With increasing damping the resonant peak 
decreases dramatically. The net effect in the time domain waveform is very small 
and can be ignored in the cases considered here. 
Applying the outlined procedure, the calculated waveforms of several Lamb 
wave modes for a unit amplitude force and step function, H(t), in time are shown in 
Figures 4, 5, and 6 using the parameters that are listed in [7]. The normalization 
factor for all the waveforms is (7r /8f-lH). As discussed in [1], the first antisymmetric 
mode can not be recovered by FFT due to the nonequilibrium of the source 
resulting from step function time dependence H(t). For other Lamb wave modes, 
the same result as in [1, 7] was obtained. 
CONCLUDING REMARKS 
For a given Lamb wave mode in a plate with axial symmetry (including an 
isotropic plate and a transversely isotropic plate with the plane of isotropy parallel 
to the plate) the dispersion curve is found to change continuously from the real 
branch to either a complex or an imaginary branch when the frequency decreases 
below its cutoff frequency. These continuous dispersion curves consist of all the 
segments needed for Fourier synthesis of the waveform and can be used to calculate 
the time domain response of the plate. In our method the pre-analysis of the 
structure of the dispersion curves, was avoided in the evaluation of Lamb wave 
modes. The non-propagating and decaying modes establish the local dynamic 
equilibrium without carrying any energy away from the source. The developed 
formulation is suitable for rapid and automatic calculation of the far field response 
in which the motion is dominated by propagating Lamb modes. 
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Figure 4. The waveform associated with the first symmetric Lamb wave mode for 
an isotropic plate [v p = 5.76(mm/J.1s) , Vs = 3.22(mm/J.1s), p = 2.3(g/cm3 ), 2H = 
9.6(mm)] subject to a unit normal load at the origin with step time dependence. The 
source station distance is lOO(mm). 
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Figure 5. Same as in Figure 4 but for the second symmetric mode. 
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Figure 6. Same as in Figure 4 but for the second antisymmetric mode. 
ACKNOWLEDGMENT 
This research was supported by the AFOSR under grant F49620-93-1-0320 
directed by Dr. Walter Jones. 
REFERENCES 
1. N. Vasudevan and A. K. Mal, J. of App\. Mech., 52,356 (1985). 
2. A. K. Mal, Wave Motion, 10, 257 (1988) . 
3. E. R. Green, J. App!. Mech. , 60,217 (1993) . 
4. S. S. Lih and A. K. Mal , Wave Motion, 21, 17 (1995). 
5. S. S. Lih and A. K. Mal, Composites Part B, 27B, 633 (1996). 
6. D. Guo, A. Mal, and K. Ono, J. Acoustic Emission, 14, 19 (1996) . 
7. R. Weaver and Y. H. Pao, J. App!. Mech. , 49,821 (1982). 
492 
